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NON-POLYNOMIAL SPLINE APPROXIMATIONS FOR THE SOLUTION
OF SINGULARLY-PERTURBED BOUNDARY VALUE PROBLEMS

J. RASHIDINIA ', R. MOHAMMADI 2

ABSTRACT. We consider the self-adjoint singularly perturbed two-point boundary value prob-
lems. We know that the numerical methods for solution of such problems based on non-
polynomial spline in grid points, can produce the fourth order method only. So that we look
for an alternative to obtain higher order methods. We develop the non-polynomial spline in
off-step points to rise the order of accuracy. Based on such spline, the purposed new methods
are fourth, sixth and eighth-order accurate. These methods are applicable to problems both
in singular and non-singular cases. The convergence analysis of the new eight-order method is
proved. We applied the presented methods to test problems which have been solved by other
existing methods in our references, for comparison of our methods with the existing methods.
Numerical results are given to illustrate the efficiency of our methods.

Keywords: Self-adjoint singularly-perturbed boundary value problem, Non-polynomial spline,
Convergence analysis, Numerical conclusion.
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1. INTRODUCTION

We consider the following self-adjoint singularly perturbed boundary value problem:
—eu” +p(z)u = q(z), plx) >0,

U(CL) =m, u(b) =12, (1)
where 71, 12 are given constants and e is a small positive parameter such that 0 < ¢ < 1
and p(x), g(z) are small bounded real functions. This problems occur naturally in various
fields of science and engineering, for example, combustion, nuclear engineering, control theory,
elasticity, fluid mechanics, fluid dynamics, quantum mechanics, optimal control, chemical-reactor
theory, hydrodynamics, convection-diffusion process, geophysics, etc. A few notable examples
are boundary-layer problems, WKB Theory, the modeling of steady and unsteady viscous flow
problems with large Reynolds number and convective heat transport problems with large Peclet
number. Secondly, the occurrence of sharp boundary-layers as e, the coefficient of highest
derivative, approaches zero creates difficulty for most standard numerical schemes.

The application of splines for the numerical solution of singularly-perturbed boundary- value
problems has been described in many papers [3]-[5], [7],[8],[11]-[16]. Recently Aziz and khan [1, 2]
and Khan et. al. [6] solve this problem by cubic spline in comparison, quintic spline and sextic
spline with assuming p(x) = constant. A generalized scheme based on quartic non-polynomial
spline functions was proposed by Tirmizi et. al. [6].

In this paper non-polynomial sextic spline relations have been derived using off-step points.
In Section 2, we derive the formulation of our spline function approximation. We present the
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spline relations to be used for discretization of the given problem (1). In section 3, we present the
formulation of our method. We drive boundary formulas in section 4. In section 5, convergence
of the new eight-order method is stablished. Finally, in section 6, numerical evidence is included
to demonstrate the efficiency of the method.

2. NON-POLYNOMIAL SPLINE FUNCTIONS

We introduce the set of grid points in the interval [a, b]

b—a
N
Definition. A non-polynomial spline function Si(x), interpolating to a function u(x) on [a,b]
defined as:

1
Ty = a, xi_%:a+(i—§)h, h = , 1=1,2,.... N, zx =0b.

(1) In each subinterval [x;,x141], Si(x) is a polynomial of degree at most sic.
(2) The first-fifth derivatives of Si(x) are continuous on |a,b].

(3) Siz;_1) = u(z,_1), 1 =1(1)N.

1
2
For each segment [l‘l_%, xl+%], l=1,2,...,N — 1 the non-polynomial spline S;(x), is define as
Si(x) = ar+ bi(z — z) + ai(w — 21)* + di(x — 2)° + ez — 2)*+
+fisint(z —x;) + gcosT(x —x7), 1=0,1,2,...,N, (2)

where a;, by, ¢, dj, e, f; and g; are constants and 7 is free parameter.

We further require that the values of the first-, second-, third-, fourth- and fifth-order deriva-
tives be the same for the pair of segments that join at each point (x, u;).

To derive expression for the coefficients of (2) in terms of WLy Uyl My 1, Ml_%, Ml+%’

Fl_% and Fl+% we first define:

(@) Siz_1) =1,

(i) Siw1) = w1,

(i) Sj(x_1) =my_1,

() Sf(w_1) =My, (3)
(v)  S/(ey) =My,

(wi) S _1)=F_1,

(it) S (w41) = Fiyy.

From algebraic manipulation we get the following expression:

1
9674024 + 24 cos O + (12 + 62) sin 0]

+(—1152 — 4862 — 270" + 26%) sin O1F, 1 — [66(192 + 240% + 50*) + 14460(8 + 6?) cos O+
+(—2304 — 9662 + 426* + %) sin 01 F 1 + 74{6h sin 6(384 + 486% + 594)ml_% + 4h%[366(1—
—cosf) + (192 + 66% + %) sin O1M,_1 + h2[1440(1 — cos 0) + (384 — 246 — 0*) sin O1M, 1+

{2[726(8 + 6%) + 360(192 + 2462 + 50*) cos O+

aj

+[=1152(1 — cos ) + (2304 + 86462 + 780) sin Oluy_1 + [-1152(1 — cosf) + (~2304 + 28862+
+186%) sin H]ul_%}},
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by {@4+0)(F_y — Froa) + W2 (My_y — My 1) + 24(up, s —up_ )]},

= 24730
B 1

4720(—24 + 24 cos 0 + 6(12 + 62) sin 6]
—20% + 6%) sin O1F, 1 —[60(4 + 62) + 246 cos 0 — (24 + 6%) sin O1F 1+ 73{60 sin 0 x

= {2[246 + 60(4 + 6%) cos O + (—48—

X (8 + 92)7”1—% + h[24(1 — cos 0) + 0(4 + 6%) sin H]Ml_% + h[24(1 — cos0)—
—46 sinG]MH% + 7[(48 + 66?) sin 9](ul_% - “l+%)}}’

1
dy = @[FH-% - Fl—% +T2(Ml+% - Ml—%)]a
1
= 2[30 cos O + (—3 + 6%) sin 0| F, —60
€= GOT=24(1 = cos0) 1 0(12 1 07 sin @] L2030 cosO + (=3 + 07 sinflFy_y +[=66+

+(6+92)sin9}Fl+% +T4sin9[6hml_% + h2(2Ml_% —i—MH%) +6(ul_% — ul+%)]},

1
fi= W(FH—% - Fz_%)y
and
= ! {[—246 cosg + (48 — 46% 4 6") sin g](F -
I = 749241 — cos0) + (12 + 6%) sin 0] 2 9 \i-3
.0
_Fl+%) — 87" sin 5[6hm17% + h2(2M17% + Ml+%) + 6(“17% - ul+%)]}v (4)

where § =7hand [ =1,2,...., N — 1.

From continuity of the first derivative at the point x = x;, we can obtain the following spline
relation:
1

24730 5in 6(—246 + 63 + 48 sin 2)

m,_s =
=3

0
{ — 3[192 + 86% + 8(24 + 467 + 6*) cos 5~ 8(24-

236 4 0*) cos O — 64(3 — 6?) cos % — 30(96 — 200% + 6*) sin § — 1926 sin 32—9]}71% + 2[576+

0 30
+246% — 120" +12(24 + 1662 + 6%) cos 5 H24(-24+ 116%) cos 6 — 12(24 — 86% — 6*) cos 5

0 6
—~2880sin 5, — (576 — 720% — 130%) sin  — 2880 sin %]Fl_% + [576 — 246 — 2462(12 + 6?) x
4 2 . 0 2 AN - 272 . 0
X cos o +24(24 4 07) cos 6 + 576951n§ + 0(288 + 360 + 0 )sm@]FH%) + 6776 sin 5[30><
9 6 .0 _ 9.0 . 0 9 6 .0
X (=20 + 6%) cos 5~ 8(sin 5~ 8sin 9)]M17% + 47707 sin 5[9(84 + 136) cos 5~ 264 sin 54—

9 9
+48sin Q]Ml_% + 720%[—24(1 — cos ) + (12 + 6?) sin H}MH_% + 5767 sin 5[—39 cos o+
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+2(sin g + sin 0)]u17% + 4874 sin 2[9(48 + 6%) cos g — 24(2sin g + sin 9)}%,%*
—2474[—24(1 — cos 0) + 0(12 + 6?) sin G]ul_%}. (5)
Also continuity of the third derivative at the point x = x;, implies that:

1
© 24730sin 0(—0 + 2sin %)

my_s = {—[24+ (24—1—4024—6?4)0082 +24(—1 + 6%) cos H—

—8(3 — 6%) cos % —0(36 — 76%)sin# — 246 sin %H]F,_% + [48 4 246% + (24+

0 0 0
41662 + 6%) cos 5~ 48cos— (24— 862 — %) cos % — 240sin o — 66(8 + 62) x

30 0 0
x sin § — 246 sin ?]Fl—% + [—24 — 6%(12 + 6?%) cos B + 24 cos 6 + 246 sin B + 6x

0 0 0
x (12 + 6%) sin O1F 1+ 272 sin Zl0(12 = 76?) cos 5~ 24sing + 862 sin O1M,_s+
+472 sin g[—30(4 + 6%) cosg +24 sing + 262 sin G]Mli% + 72[—24(1 — cos ) + (12 + 62)x

0
xsin0] M, 1 + 2474(—0 + 2sin 3)sin6(u_s —w_1)}. (6)

Finally, from continuity of the fifth derivative at the point x = x;, we have the following spline
relation:

1 0 30 30
= — 24+ 46% + 6*) cos — —3+46%) cos = — 3@'sin —
m_s 9673900s%sin2 g{{( + 46“ + 67) cos 5 + 8[(—3 + 6%) cos 5 30 sin 5 |} x

0 0 0 0
XF[—% —[(24 + 1662 + 6*) cos 5 + (—24 + 860 + 0*) cos % — 966 cos® 3 sin i]Fl—H_

2

+0[0(12 + 6?) cosg — 24sin Q]Fl

0 0
5 —167% cos B sin? i[hQ(QMl_% + M, 1)+

+

+6(ul_% - UZ_%)]L (7)
where { = 2(1)N — 1.

From Egs. (5) and (6) we have

1
= {[48 — 226% + 6* — 2(24 + 6?) cos O] F, —
1 487'4(1—6089){[8 + (24 + 6%) cos 0] l—%+[ 96+
+446% 4 (96 + 46% — 26) cos O1F 1 +[48 - 2202 + 0% — 2(24 + 6?) cos 01 Fy 1+
202(1 _ .
+27%0 (1 COSQ)(MZ_% 2Ml—% +Ml+%)}' (8)
Also from Egs. (5) and (7) we have

62{[—2 + 62 + 2 cos G]FI_% —2[—2 + (2 + 6%) cos G]Fl_% +[~2+ 67 + 2cos 0] F,

ul_% — 2ul_% + oy,

+37
—27%(1 — cos 0)(M,_s —2M,_1 + My, 1)} = 0. (9)
From Egs. (8) and (9) we obtain
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1
2[—12 + 502 + (12 + 62) cos 0]

+2[—24 + 50 + 0* + 12(2 + 6%) cos O] M, _ 1—1—1202[2 62 — 20059](ul_%—2ul_%+ul+%)}. (10)

The elimination of F;’s from (9) and (10) gives

h4Fl_; = — {h*{[24 — 126* + 6* — 24 cos 0] (M, _ s + My 1)+

1
ﬁ[“z—% +B1(Ui_% +ul+%) —I—’ylui_% —i—uH%] = a(Mi—% -i-MH_%) + B(M,_

+M,_ 1) +yM,_1, i=3(1)N -2, (11)
H—2 7

2
where

_24(1 — cosO) + 62(—12 + 6?)
© 120%(—24+ 62 +2cosf)
—48 + 0%(12 + 562) + (48 + 126% 4 0*) cos 0

b= 662(—2 + 62 + 2 cos ) ’
| 724 6%(—12 4 6%) — 2(36 + 126* + 56%) cos 0
B 662(—2 + 6% + 2 cos 0) ’
—2[—4 + 62 4 (4 + 6?) cos 0]
b = —2 4602+ 2cosf ’
2 2
%:2[ 6+ 6 +2(3+9)C089]' (12)

—2462 4+ 2cosb

When 7 — 0, that § — 0, then («, 3,7) — %(1,56,246), (B1,71) — (8,—18) and the relations
defined by (11) and (12) reduce into sextic polynomial spline functions.

3. DESCRIPTION OF METHODS

Now we consider the equation (1). At the grid points x;, the proposed differential equation
(1) may be discretized by
—eu; + pu; = g, (13)
where p; = p(z;) and ¢; = q(;).

By using moment of spline in (13) we obtain
—eM; + piu; = q;. (14)
We discretize the given system (14) at the grid points 2, 1, 4 ., N and using the spline
2

relation (11). We obtain (N — 4) linear algebraic equation in the (N ) unknowns w, 1, i =
1,2,...,N as

(—e+ athi_%)ui_% +(—€B1 + ﬁthi_%)ui_% + (—en + Wpi_;)h4ui_%+

l\)

+(—€f1 + ﬁh2pi+%)ui+% + (—e+ thpi+%)uz+% h? (aqz_ﬁ + ﬁqz_i g1+
+ﬁqz'+% —l—oqu%), = ( ) (15)

where p; = p(x;) and ¢; = q(x;), with local truncation error

Ti(h) = —€(2+ 261 + 71)ui + — (2 + 281 + y1)htt + = S “(16a + 168 + 8y — 34 — 108, —

2

—y1)h2ul! — 4%(48& + 4803 + 247 — 98 — 268, — y )R +

+48y — 706 — 828, — )b ulY —

1632a + 4
384( 632a + 4808+

400 + 2 2882 — 2423, —
350 (78400 + 20803 + 80y — 288 B
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—71)’15“55) * 16080 4608() (8472000 + 98403 + 120 — 16354 — 73081 — 71)h%u” +
.0 _ €

645120 (4841760 + 406563 + 168y — 75938 — 21861 — 71)h ;" — 5a0moo0 %

X (36632960 + 1635200 + 2247 — 397186 — 65623 — 1)k, — oo e

B B _ 9,9, €
X(21870144a + 6205683 + 288y — 1933442 — 1968261 — )h%ul” + o x

x (1429869600 + 23623208 + 360y — 9824674 — 590508, — 71)h'%u{'” + O(h'),
where ugk) =y (&) mio1 <& < xiq1. (16)
By choosing suitable values of parameters 31, 71, «, 8 and v we obtain the following methods:

(1) If we choose 242031+~ =0 and 2a+28+~v—4— (1 = 0 in (15) we obtain second-order
schemes for the solution of (1).

(2) If we choose (81,71, ,ﬂ,’y) = (4,-10, &, 2,5) in (15) we obtain a fourth-order scheme
with truncation error T; = 155 u(G)(gz).

(8) If we choose (61,71, a, 3,7) = (4 —10, 5, 22, 19) in (15) we obtain a sizth-order scheme

with truncation error T; = {5555 u®) (&)

(4) If we choose (B1,71,, 3,7) = (%,—%,%,%,%) in (15) we obtain a eight-order
scheme with truncation error T; = 5875%600h10 a )(&), which is the the highest order among the
methods for solution of (1).

4. DEVELOPMENT OF BOUNDARY FORMULA

The relation (15) gives N — 4 linear algebraic equations in the n unknowns wu, 1, for i =
2

1,2,...,n. We need four more equations, two at each end of interval, for the direct computation
of ui_ % .

By using Taylor series and method of undetermined coefficients the boundary formulas asso-
ciated with boundary conditions can be determined as follows. We drive the following equations
to be associated with fourth-order method as:

h? 221
~1 14us — 3us —us = —[2My — 154M1 — 7T5M3 — M 64,(6)
Oug + u% 3u% Ug 48[ 0 5} L 75 3 5} 15360h (zo)+
FouT), i=1, (17)
2
—2ug — 3u1 + 10us —4dus —ur = —[10M0 —T75M1 —230M3 — 76 Ms — Mz]-l—
2 2 2 2 48 2 2 2 2
449
+———h%u® (z0) + O(RT), =2, (18)

and for right boundary we obtain:

2

—2upn —3uN_; —|—10uN_§ —4uN_§ —Uy_71 =
2 2 2

z 48[10MN T5M 1 230MN_%—

~T6My_5 — My_z]+ @h%(ﬁ) (zn) + O(RT), i=N-1, (19)
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h2
—10un + 14UN_% — 3“N—% — uN_g = EPMN — 154MN—% — 75MN—% — MN—%H_

221

= p%u(® hT), i=N. 2

In same manner for sixth-order method we derive the following boundary formula:

h2

—10ug + 14u1 — 3us —us = [—608My — 40439 M1 — 24059M s + 2009M s — 869M 7+

2 2 2 13440 2 2 2 2
15767
126 M ] — h8u®) o(h?), i=1 21

2

—2up — 3U% + 10u% — 4u% —ur = [10784 My — 157059M% - 612759M% — 170163Mg—

120960

38551
—8649M 7 + 406Mo] — —————_p8y®) 9 =2 292
8649 %-I- 06 %] 15482880hu (xo) + O(R?), 1 , (22)

2

—2uy — 3UN—% + 1OUN_% — 4uN_g - uN—% 7[10784MN — 157059MN—%_

~ 120960
612759 M 170163 M 8649 M 406 M _ 38951 ®)(zy)
- N-§ N-§ N-3 T N-30 " Tigoss0” ¢ BNt
+0(h%), i=N -1, (23)
h2
—10uy +1uy 3 —3uy 3 —uy_3 = s [~608My — 40439M ;1 — 24059 My s+
15767 5 )
+2009My_5 —869My_z +126My_s] — oo hfu® (ax) +
+0(h%), i=N. (24)

Finally for eight order method we develop the following boundary equation:

108205 u 561643

—10 14u1 — 3us —us = h?[— — —
uo + Muy = 3ug —ug = W= g se Mo = Joamas My
7677301 175867 547021 694187 144323
My 4+ ——Ms — ————— M7 + o — M+
3870720 5 ' 430080 3 1935360 3 ' 5806080 3 4730880 =
177067 16404163
bl Y 7709 p10,,(10) oY), i=1 25
+ 50310360 2+ TaziRaacg” ¢ (F0) HO(RT), =1, (25)
440147 399481
—Qug — 10us — 4us —ur = h2 Bty Y
uo — 3uy +10us —dus —ug (6436480 ~ 322560 M2
20033069 1621507 14347 407023 27477
3870720 2 129240 3 71680 3 ' 5806080 3 14192640 =
38821 13124647
_ 9004t o7 emrEl p10,,(10) O(h'! i — 9 2%
Torra120 )t T3tmaage” ¥ () HO(T),i=2, (26)
440147
—QuN—{mN_%+1mMP%—JmN_%—uN_%:hﬁ&w&ﬁo N—
399481 20033969 1621507 14347
ittty Vit ) ity | Aty )
322560 N—% T 3870720 " N—3 T 1200240 N3 T 71680 N-3T

407023 271477 | 38821
5306080 N—3 14192640 N—% 16773120

MN_g]—i-
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13124647 .
+mhlou(lo)($]v) + O(hn), 1=N — 1, (27)
108205
— JE— < — f— 2 e — —
10uy + 14“N—% 3uN7% Uy s = [ 1297296MN
561643 7677301 175867 547021

3

T103536 N3 T 3870720 V-3 T 430080 N3~ 1035360 N-1

694187 144323 | LTT067 It
5306080 N—3 4730880 N-% ' 50319360 N-%

16404163

10, (10) 11 N 9
731782400 ¢ @)+ OB, (28)

5. CONVERGENCE ANALYSIS

In this section, we investigate the convergence analysis of our eight order method. The eight
order quintic spline solution of (1) is based on the linear equations given by (15) and boundary

formulas (25)-(28). Let Z = (z;) be N dimensional column vector and A = (a;;) be an (N x N)
matrix such that

_ _ 108205 12 21108205 561643 7677301 _ 175867
21 = (10€ — 7357355 "Po)m + W[ 135739690 + 19353692 T 387072092 — 3008042 T

547021 694187 144323 177067
+ 193536097 ~ 50608092 T 273088074 50319360(1%]7

_ 440147 32 2[_ 440147 399481 20033969 1621507
22 = (2€ + Gisgas0 " P0) T + D[~ Giseasado + 3225604 + 3870720 42 + 120240 43T

14347 407023 271477 38821
+ 7168097 ~ 580608092 T Tato26409% — 16773120q%]’

2z = 4%25(23%_% +688q;_s +2358q,_1 +688q;,1 +23q;,3), i =3()N -2,

_ 440147 52 21 440147 399481 20033969
ZN-1 = (2€ + gspaso ™ PN)M2 + P71 Gasgaso N T 3225609n— 1 + Bsrora0 Iv- 3+

1621507 14347 407023 271477 38821
129240 IN—2 T 716809N—1 ~ Bso60s0IN—2 T Tiroa6a0IN—LL 16773120‘11\{7%]’

— 108205 2 27 108205 561643 7677301 _
2n = (10€ = 1557556 1PN )2 + 1 [1357396 9N + 193536 IN— 1 T 3570720 IN -2

175867 547021 _ 694187 144323 _ 177067
1300809N—3 + 1935360 IN—1 ~ 5806080 IN—2 T 3730880 IN— Ll ~ 50319360 IN— g] y

and
- fRici £ w k=43 413
a; i+ = coefficient of u; g, k = £5,+5, 3.

It is easily seen that the system of N linear algebraic equations given by (15) and boundary
formulas (25)-(28) may be written in the form

(i) AU=Z+T,
(ii) AU = Z. (29)
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The vector T is the local truncation error vector and define as

SIS en 10010 (20) + O (A1), i=1
%ﬁg%oehmu(m)(mo) + O(h”), i= 2’

ti={ smasgeh0ullO(z;) + O(hM), T <wi<zys i=3..,N-2
Ataingeh0u19 (zy) + O(h'), i=N-1,
%ﬁhlou(lo)(xjv) + O(hll)7 i = N.

The error equation is obtained in the usal manner in the form
AE=T,

where E = (e;), with ¢; = (u; — u;) and T = (t;) are the N dimentional vectors.

Now the matrix A may be written as

A =¢(Ag+ Ay) + h*BP,

where

10 -5 1 0 . . . . 0 T
-5 6 -4 1 0 .
1 -4 6 -4 1 0

o . . . . 0 1 -5 10

(31)
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provided ||p|| <

[ b1 bz bi3 b1a bis bie bi7 0 0 7
b1 baa  ba3 by bos bog bae 0 0
53 688 736 688 93 0
i65 465 155 65 65
0 23 688 786 688 23
: . 465 65 155 65 65
0 0 obyn-11 bv-12 bn-13 bON—14 bn-15 bn—16 bNn—17
L 0 0  bwm bna bna bna bns bne bn7
with
b11,b12, b13, b14, b15, b16, b1g) = (b b b b b b b — (561643
(b11, b12, b13, b14, b15, b6, b16) = (bn7, b6, s, bna, On3, b2, by1) = (153836
TOTT301 175867 547021 GOAIST 144393 17707 )
3870720°  430080° 1935360° 5806080 4730880 50319360/
(b21, b2, bas, baa, bas, bag, bar) = (bn—17,bN—16,bN—15,bN—14,bN—-13,bN—12,
b ) — (399481 20033960 1621507 14347 _ 407023 97I4TT _ 38831
N-11) = (322560 3870720 * 1200240° 71680 _ 5806080 14192640 _ 16773120

and P = diag(p;).

Theorem 1. The symmetric matriz Ay os irreducible and monotone and

[ [5(b—a)* +10(b — a)?h* + 9h*].

Yoo < L
= 384h4
This theorem proved by Usmani [17].

245

(36)

Theorem 2. Let u be the solution of singularly perturbed boundary value problem (1), and

u; be the numerical solution obtained from the difference scheme (29)(ii). Then, we have

1]l = O(h%)

Maz|p(z;)|, a < p(z;) <.
Proof. From (31) we have
IZ]l = AT < [A™ oo |7 <
< ll[e(Ao + Ar) + R*BPIH|IT]| <
< eI+ AG AL+ e TR ATT BRI AG 1T
From (32), (34) and (35) we have
41+ 0245 BP) < 27 (22 + 21 12 o).

Also from (30) we have

16404163

ITI < = mrmesyn
7431782400
where L1g = Maz|u%(z;)], a < z; <.

eh' L1,

SEo? (31 — 264w) where w = ﬁb(b —a)* +10(b — a)®h? + 9h*] and ||p|| =
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By using ||(I + W)~} < m provided |[W]| < 1, we get

<Az I <

|E] < 1-|Ag A1 +e—1h2AS BP]-1| —

< < MlAg HINIT
= 1-||A; T Ar+e1h2A T BP

provided that ||AgtA; + e 'h2A;'BP| < 1.

Therefore we obtain

508529053wh 0L
E| < = O(h® 38
IE] < 7431782400[31 — 12w (22 + 21e=1h2||p||)] (h7), (38)
provided
€
—— (31 — 264w).
Ipll < pm (31 — 264) (39)

So that the given method for solving the boundary value problem (1) for sufficiently small h
is a eight-order convergent method.

6. NUMERICAL ILLUSTRATIONS

In order to test the viability of the proposed methods and to demonstrate their convergence
computationally we have solved the following singularly perturbed boundary value problems
which their exact solutions are known to us.

The maximum absolute errors at the nodal points, max|u(z;) — u;| are tabulated in Tables.

Example 1.Consider the following singularly perturbed boundary value problem [2],[5],[6],
[13]-[17]:

—eu +u= —cos® rx — 2ecos 27z,

u(0)=u(1)=0
with the exact solution

u(z) = [exp((x — 1) /\/€) + exp(—x/\/€)]/[1 + exp(—1/+/€)] — cos? .

This problem has been solved using our methods with different values of N = 16, 32, 64, 128, 256
and € = %, ey ﬁlg, computed solutions are compared with the exact solutions in nodal points
and the maximum absolute errors in solutions are tabulated in Table 1, and compared with the
methods in Ref. [2],[5],]6], [13]-[17] in Tables 1-2. Our results shows the efficiency and accuracy

of our methods.
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€ N=16 N=32 N =64 N =128 N =256
Our eight order method

% 6.91(—9) 2.04(—11) 6.86(—14) 2.51(—15) 3.07(—16)
?% 8.48(—9) 1.57(—10) 3.71(—14) 1.44(—15) 3.08(—16)
% 5.86(—8) 1.36(—9) 1.92(—13) 3.44(—15) 1.27(—15)
o8 8.35(—7) 2.84(—9) 4.97(—12) 1.36(—14) 1.06(—14)
Our sixth order method

% 1.18(—7) 6.74(—10) 4.25(—12) 6.15(—14) 1.00(—14)
3% 4.08(—8) 2.18(—10) 3.00(—12) 4.64(—14) 1.04(—14)
é 5.84(—7) 4.92(-9) 2.81(—11) 1.27(—13) 1.68(—14)
8 6.47(—6) 6.39(—8)  4.24(—10) 2.09(—12) 3.01(—14)
Our fourth order method

-+ 1.83(—4) 4.44(-5) T7.13(=6) 9.97(-7) 1.31(-7)
35 5.84(—4) 1.30(—4) 2.07(-=5) 2.89(—6) 3.82(—7)
o 1.50(—=3) 3.47(—4) 5.69(—5) 8.09(—6) 1.07(—6)
58 3.37(—=3) 8.67(—4) 1.50(—4) 2.21(-5) 3.00(—6)
Sixth order method in [16]

% 1.19(=7) 6.74(—10) 4.26(—12) 6.18(—14) 2.09(—14)
Bi 4.08(—8) 2.19(—10) 3.00(—12) 4.61(—14) 9.60(—15)
o 5.84(—=7) 4.92(-9) 2.81(—11) 1.27(-13) 1.62(—14)
b 6.48(—6) 6.41(—8) 4.24(—10) 2.10(—12) 2.84(—14)
Fifth order method in [14]

= 1.22(—6) 6.45(—9) 3.40(—11) 1.03(—12) 8.88(—15)
35 2.00(—6) 1.68(—8) 1.36(—10) 1.09(—12) 1.90(—14)
i 8.89(—6) 1.16(—7) 1.20(—9) 1.08(—11) 9.07(—14)
% 5.74(=5) 9.98(—7) 1.18(—8) 1.14(—10) 9.91(—13)

TABLE 1. The maximum absolute errors for example 1.

Example 2. Consider following boundary value problem [13]:

"
—eu +Uu=ux,

w0) =1, u(l) =1+exp(~1/e)
with the exact solution, u(z) = x + exp(—z/+/€).

This problem has been solved using our method with different values of N = 8,16, 32,64, 128

and € = 1—16, e 5% The maximum absolute errors in solutions are tabulated in Table 3 and

compared with the methods in Ref. [13].
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€ N =16 N =32 N =64 N =128 N = 256
Fourth order method in [12]
% 1.57(—5) 8.79(—7) 5.32(—8) 3.30(—9) 2.05(—10)
3% 8.27(—6) 4.41(-7) 2.62(—8) 1.62(—9) 1.00(—10)
% 1.84(—5) 8.67(—7) 6.65(—8) 4.39(—9) 2.78(—10)
198 1.03(—4) 2.61(—6) 2.23(-7) 1.54(—8) 9.44(—-10)
Fourth order method in [13]
% 4.07(-5) 2.53(—6) 1.58(—7) 9.87(—9) 6.17(—10)
% 2.00(—5) 1.24(—6) 7.74(—8) 4.83(—9) 3.02(—10)
5 5.45(—5) 3.42(—6) 2.14(-7) 1.34(-8) 8.39(—10)
o8 1.83(—4) 1.22(-5) 7.68(—7) 4.81(—8) 3.01(—9)
The method in [4]
% 8.06(—3) 2.02(-3) 5.08(—4) 1.27(—4) 3.17(—5)
3% 7.11(-3) 1.79(-3) 4.48(—4) 1.12(—4) 2.80(—5)
% 6.58(—3) 1.66(—3) 4.15(—4) 1.04(—4) 2.60(—5)
198 6.36(—3) 1.61(-3) 4.03(—4) 1.01(—4) 2.52(—5)
The method in [5]
% 4.14(-3) 1.02(—3) 2.54(—4) 6.35(—5) 1.58(—5)
? 3.68(—3) 9.03(—4) 5.61(—5) 1.40(—5) 3.50(—6)
5 3.45(—3) 8.40(—4) 2.08(—4) 5.20(—5) 1.30(—5)
o8 3.43(—3) 8.21(—4) 2.03(—4) 5.06(—5) 1.26(—5)
The method in [6]
% 1.20(—4) 7.47(—6) 4.67(=7) 2.90(-8) 4.39(—9)
3% 1.28(—4) 8.00(—6) 5.00(—7) 3.14(-8) 1.99(—9)
% 1.60(—4) 1.00(—5) 6.26(—7) 3.92(—8) 2.31(—9)
98 2.34(—4) 1.47(-5) 9.23(—7) 5.77(—8) 3.72(—9)
The method in [7]
= 7.09(—3) 1.77(-3) 4.45(—4) 1.11(—4) 2.78(—5)
= 5.68(—3) 1.42(-3) 3.55(—4) 8.89(—5) 2.22(—5)
61; L07(=3)  101(=3)  254(—4)  635(—5)  1.58(—5)
=8 6.97(—3) 1.75(=3) 4.33(—4) 1.08(—4) 2.71(-5)
TABLE 2. The maximum absolute errors for example 1.
Example 3. Finally consider the following boundary value problem [17]:
—e +[1+z(1—2)u=14z(1 — )+ [2e — 2°(1 — )] exp[— (- m)]+
Ve

+2ve — 2(1 — @)’ exp[—2/ /e,
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€ N=38 N =16 N =32 N =64 N =128
Our eight order method

: 2.97(—9) 5.02(—12) 1.59(—14) 5.45(—15) 1.76(—15)
+ 5.48(—8) 1.27(—10) 1.47(—13) 8.32(—15) 2.12(—15)
% 8.35(—7) 2.84(—9) 4.96(—12) 7.27(—15) 5.99(—15)
5 9.84(—6) 5.39(—8) 1.26(—10) 1.60(—13) 1.38(—14)
78 8.43(—5) 8.31(—7) 2.84(—9) 4.96(—12) 8.60(—15)
70 5.01(—4) 9.83(—6) 5.39(—8) 1.26(—10) 1.61(—13)
15 2.03(—3) 8.43(—5) 8.31(—7) 2.84(—9) 4.96(—12)
Our sixth order method

: 6.56(—8) 4.28(—10) 2.11(—12) 1.70(—14) 1.33(—14)
+ 6.71(—7) 5.50(—9) 3.08(—11) 1.36(—13) 2.93(—14)
% 6.55(—6) 6.45(—8) 4.26(—10) 2.10(—12) 2.37(—14)
5 5.30(—5) 6.70(—7) 5.49(—9) 3.08(—11) 1.36(—13)
78 3.36(—4) 6.55(—6) 6.44(—8) 4.26(—10) 2.10(—12)
70 1.55(—3) 5.30(—5) 6.70(—7) 5.49(—9) 3.08(—11)
15 4.88(—3) 3.36(—4) 6.55(—6) 6.44(—8) 4.26(—10)
Our fourth order method

z 7.83(—3) 2.27(—3) 6.20(—4) 1.62(—4) 4.15(—5)
= 1.25(—2) 3.95(—3) 1.13(-3) 3.04(—4) 7.88(—5)
= 1.95(—2) 7.01(—3) 2.12(—3) 5.84(—4) 1.53(—4)
Gf 2.95(—2) 1.19(—2) 3.92(—3) 1.12(—3) 3.00(—4)
% 4.27(—2) 1.94(—2) 7.02(—3) 2.12(—3) 5.35(—4)
226 5.88(—2) 2.93(—2) 1.20(—2) 3.93(—3) 1.12(—-3)
15 7.62(—2) 4.27(-2) 1.95(—2) 7.05(—3) 2.13(—3)
The method in [11]

z 1.10(—5) 7.01(=7) 4.38(—8) 2.74(—9) 1.71(—10)

+ 4.70(—5) 2.96(—6) 1.85(—7) 1.15(—8) 7.24(—10)

% 1.78(—4) 1.18(—5) 7.54(=7) 4.67(—8) 2.96(—9)

5 7.41(—4) 4.74(—5) 2.96(—6) 1.86(—7) 1.16(—8)

e 2.70(—3) 1.78(—4) 1.18(—5) 7.46(—7) 4.67(—8)

226 831(=3)  TAl(—4)  4TA(=5)  2.98(—6)  1.86(—7)

s 2.05(—2) 2.70(—3) 1.78(—4) 1.18(—5) 7.46(—7)

TABLE 3. The maximum absolute errors for example 2.

with the exact solution, u(z) =1+ (z — 1) exp[—z/v/¢] — x exp[—(1 — x)/\/€].

This problem has been solved using our method with different values of N = 8,16, 32, 64, 128

and € = 1—16, - ﬁ the maximum absolute errors in solutions are tabulated in Table 4.
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€ N =16 N =32 N =64 N =128
Our eight order method

+ 4.40(—10) 6.00(—13) 4.77(—15) 1.22(—16)
% 7.39(—9) 1.33(—11) 2.62(—14) 2.94(—15)
o 1.10(=7) 2.74(—10) 3.97(—13) 9.10(—15)
o 1.39(—6) 5.08(—9) 9.18(—12) 1.35(—14)

Our sixth order method

+ 1.62(—8) 9.21(—11) 4.14(—13) 7.43(—15)
% 1.47(=7) 1.00(—9) 5.04(—12) 2.78(—14)
o1 1.25(—6) 1.05(—8) 6.07(—11) 2.75(—13)
= 1.03(—5) 1.05(—7) 7.13(—10) 3.57(—12)
Our fourth order method

E 5.25(—4) 7.79(—5) 1.05(—5) 1.37(—6)
35 1.20(—3) 1.91(—4) 2.70(—5) 3.59(—6)
5 2.62(—3) 4.64(—4) 6.91(—5) 9.45(—6)
o8 5.37(—3) 1.08(—3) 1.74(—4) 2.48(—5)
The method in [17]

+ 1.63(—8) 9.22(—11) 4.14(—-13) 2.43(—15)
= 1.47(=7) 1.00(—9) 5.04(—12) 2.78(—14)
61; 1.25(—6) 1.06(—8) 6.07(—11) 2.75(—13)
= 1.03(—5) 1.05(—7) 7.14(—10) 3.57(—12)

TABLE 4. The maximum absolute errors for example 3.
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